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P;BSTRACT 

Derivation of s t r e s s - s t r a in  r e l a t ions  a re  presented 
f o r  a laminar anisotropic  medium from the known mechan- 
i c a l  p roper t ies  of the layers .  Expressions a re  obtained 
f o r  determining the s t r e s s e s  and s t r a i n s  i n  the individ-  
u a l  layers  from the known average values of the s t r e s s e s  
and s t r a i n s .  The cases are  examined i n  which the layers  
a re  e l a s t i c  i so t ropic ,  e l a s t i c  anisotropic  o r  visco- 
e l a s t i c  an iso t ropic ,  The r e s u l t s  are applied t o  the ca l -  
culat ion of the mechanical cha rac t e r i s t i c s  of several  
f iber-reinforced p l a s t i c s ,  

1. The physical constants of materials ( e l a s t i c  moduli, viscous /14* 
constants and o the r s ) ,  obtained experimentally a s  samples with a macroscopic 
s t ruc tu re ,  are  the mean cha rac t e r i s t i c s  of the physical constants of s t ruc -  
t u r a l  elements forming a pa r t i cu la r  body, which i n  the general case may be 
nonhomogeneous and anisotropic .  Some of the simplest  forms of s t r u c t u r a l l y  
nonhomogeneous mater ia ls  a re  p l a s t i c s  consisting of a la rge  number of a l t e r -  
nating homogeneous l aye r s  (see i l lus . t ra t ion)  . 

, /’ 

t 

If the  loads act ing on such a body are  such t h a t  the s t r e s ses  and s t r a i n s  
i n  near ly  iden t i ca l  l aye r s  may be considered iden t i ca l ,  such a s t r u c t u r a l l y  

*Numbers given i n  margin ind ica te  pagination i n  o r ig ina l  foreign t e x t .  
. *  
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nonhomogeneous medium may be considered an averaged homogeneous an iso t ropic  
medium. The pr inc ipa l  parameters w i l l  be the mean s t r e s s e s  and s t r a i n s .  
The mean physical constants of such materials can be determined a n a l y t i c a l l y  
by knaring the physical constants and the s t ruc tu re  of the component elements. 

We w ' i l l  consider a? e l a s t i c  body consisting of cohesive a l t e rna t ing  i so-  
t rop ic  layers .  The Lame constants of t h i s  body are  functions of the s ingle  
variable x1 and the re la t ionships  between the s t r e s s e s  and s t r a i n s  have the 
form 

Assume the body is  i n  a homogeneous, s t r e s sed  and s t ra ined s t a t e  charac- 
t e r i zed  by the mean tensor  of s t r e s ses  <G > ( i l l u s t r a t i o n )  and the mean 

tensor  of s t r a i n s  <Ejk>, The s t r e s ses  IJ and the s t r a i n s  e a r i s i n g  i n  the 

l a y e r s  i n  t h i s  case w i l l  be functions of the one var iable  x and therefore  

the equilibrium equations can be integrated; as a r e s u l t  we obtain 

j k  

j k  j k  

1' 

Here A .  a re  the in tegra t ion  constants. 
J 

The s t r e s s e s ,  s t r a i n s  and movements a r i s i n g  i n  the  layers ,  t o  which /1-5 
f o r  b rev i ty  we w i l l  apply the  term "local," may be represented i n  the form 

where 0 * E uo are  the f luctuat ions of the s t r e s ses ,  s t r a i n s  and movements, 
jk' jk '  J 

> respec t ive ly ,  along the x1 coordinate. 

After subs t i tu t ing  expressions (1.1) and (1.3) i n t o  the  i n t e g r a l s  of the 
equi l ibr ium equations (1.2) we obtain the equations 
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whose solut ions have the  form 

- I_ _. . -_ __ - 

The in tegra t ion  constants A .  are determined from the condition of a zero 
J 

value of the mean values of the  f luctuat ions u 0 
3 3 1  

- .  -. . .. . . 

Subst i tut ing (1.5) and (1.6) in to  expressions ( l .3 ) ,  w e  f ind the values 
of the local s t r e s s e s , , s t r a i n s  and movements from the known mean s t r a i n s .  
Due t o  the unwieldiness of these expressions w e  c i t e  only those f o r  l o c a l  
stresses 

. L- ~- ~ . . . . .. . . ... ... . . .~ ... 
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. from which it can be seen t h a t  the movements along the x coordinate w i l l  /16 1 

, 23‘ be the s t r e s ses  IS *’ 433 and 4 

Averaging r e l a t ions  (1.7),, we obtain the e l a s t i c  re la t ionships  between the 
mean s t r e s s e s  and s t r a i n s  

, A 

I 

. - . . . . . . .. 

On the  bas is  of re la t ionships  (1.7) and (1.8) it is easy t o  f ind  expressions 
f o r  l o c a l  s t r e s s e s  on the  bas i s  of known mean s t r e s s e s .  

Thus, a s  a r e s u l t  of averaging,the considered layered body i s  reduced t o  
a t r ansve r sa l ly  i so t rop ic  e l a s t i c  medium, f o r  which the re la t ionships  between 
the s t r e s s e s  and s t r a i n s  have the form (1.8). If the body consis ts  of a l t e r -  
nat ing layers ,  some of which have thickness h and e l a s t i c  constants and 

2’ 
Pl, while others  have the thickness h2 and the e l a s t i c  constants X 

the  expressions f o r  the mean moduli i n  re la t ionships  (1.8) w i l l  be a s  
follows 

1 
and p, 

2 

/17 
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l i  

2. The layered mater ia ls  ac tua l ly  encountered i n  most cases cons is t  of 
These include DSP, p l a s t i c s  based on d i f f e ren t  f ab r i c s ,  anisotropic  layers .  

e t c .  r n  t h i s  case the e l a s t i c  re la t ionships  between s t r e s ses  and s t r a i n s  have 
the form 

The tensor  o f t h e  e l a s t i c  modulus E s a t i s f i e s  the conditions of symmetry 
jkclB 

Subst i tut ing the  re la t ionships  (2.1) i n to  the in t eg ra l s  of the  equi l ib-  
rium equations (1.2) and taking i n t o  account the  representat ion of (1.3),  we 
obtain the algebraic  equations f o r  the der ivat ives  of t he  f luc tua t ions  of 
movements 

Their solutions w i l l  be 
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. where E-' i s  a matrix, the inverse of E 
JkxB - jbg' u Since the mean values u a re  equal t o  zero, we f ind the.  i n t eg ra t ion  

, constants k, 1 

Then expressions (2.4) assume the form 

We find the  values of the  l o c a l  s t r a i n s  and s t resses ' f rom the known mean 
s t r a i n s  by subs t i t u t ing  (2.6) i n t o  expressions (1.3) 

/ I 8  

The re la t ionships  between the mean s t r e s s e s  and s t r a i n s  are obtained by 
averaging r e l a t ions  (2.8) 

L - (2.9) 

3 .  I n  the same manner inwhichwe  obtained the mean values of the e l a s t i c  
constants of layered mater ia ls ,  we can obtain the mean values of the i n t e g r a l  
provis ional  operators describing v iscoe las t ic  propert ies  of layered media. 
I n  t h i s  case the in t eg ra l s  of the equilibrium equations w i l l  be some'functions 
of t i m e  

.. 
Oil = j /  (t)  ( j  = 1, 2, 3). ( 3 . 1 )  

The re la t ionships  between the l o c a l  s t r e s s e s  and s t r a i n s  f o r  anisotropic  
mater ia l  are represented i n  the  form - 
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where the operator L (x ) has the form 
JkClB 1 

.. 
t 

' Ljk@ ('1) = ('1) 3 5 (Pjkae ('1' * - '1 ds 
- _i 

0 - - 

and has the propert ies  of symmetry s i m i l a r  t o  (2 .2) .  

From equations (3.1), (3.2) and the  representat ion (1.3) we obtain 

Here is  an operator,  the inverse of L 
J W  jbB' 

We f ind  funct ion f .  (t) by averaging (3.4) along the x coordinate 
J 1 

as  a . r e s u l t  of which expressions (3.4) assume the  form 

(3.3) 

The expressions f o r  l o c a l  s t r a i n s  and s t r e s ses  through the mean s t r a i n s  have a 
form similar t o  (2.7) and (2.8) 

Averaging re la t ionships  (3.8) along the x coordinate, we obtain the /19 1 
operator  re la t ionships  of v i scoe las t ic i ty  between the mean s t r e s s e s  and the 
mean s t r a i n s  
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